I. INTRODUCTION
Interactions between fluid and immersed flexible structures are ubiquitous in nature, e.g., flags flapping in the air, fishes swimming in the water, and birds gliding in the sky on flexible bodies. 1,2 These flow problems have been investigated by researchers in mechanics, biology, and engineering. One of the main research interests is drag reduction, which helps us to understand how a fish swims fast, a bird flies efficiently, etc. That is important in bionics and mechanical engineering.
Flow past a rigid cylinder is a long-standing problem in fluid mechanics. When the velocity of oncoming flow increases and exceeds a threshold, a distinctive wake named "von Kármán vortex street" is established by regular eddies with alternating sign. 3, 4 If the cylinder is not fixed, a lateral motion may be induced by the vortex, i.e., vortex-induced vibration (VIV). 5, 6 Interaction between two cylinders also arises in many engineering applications. Zdravkovich 7 investigated the interaction between two stationary cylinders in tandem arrangement, and found three flow regimes depending on the gap distance, namely, one-wake shedding, shear layers from the leading one reattachment to the follower, and vortex shedding between cylinders. The one-wake shedding is also referred to as the "extended-body regime" by Xu and Zhou 8 or the SG (symmetric in the gap) regime by Carmo et al. 9 The shear layer reattachment behaviour is also referred to as the "reattachment regime" by Xu and Zhou 8 or the AG (alternating in the gap) regime by Carmo et al. 9 The vortex shedding between cylinders means that the shear layer formed by the upstream cylinder a) Electronic mail: huanghb@ustc.edu.cn does not reattach to the downstream cylinder and the vortex shedding occurs from both cylinders, which is also referred to as the "co-shedding regime" by Xu and Zhou 8 or the WG (wake in the gap) regime by Carmo et al. 9 Other characteristics on the interaction between cylinders in tandem and side-by-side arrangement have been studied systematically. [9] [10] [11] [12] [13] Biological species usually deform their bodies passively or actively to adapt to the surroundings, such as birds flapping their flexible wings and fishes swinging their tail fins. A flexible filament may be the simplest model used to study the interaction between a fish or a bird and surrounding fluids. A single filament settling in a two-dimensional flowing soap film was investigated by Ref. 14. It is found that the filament exhibits two distinct stable states: the stretched-straight state and the self-sustained flapping state. The study is followed by a number of theoretical, [15] [16] [17] [18] experimental, [19] [20] [21] and numerical studies [22] [23] [24] [25] [26] [27] [28] to investigate single filament dynamics, 22, 28 interactions between flexible filaments, [23] [24] [25] 27 and interaction between a flexible filament and a rigid body. 26 Besides the filament model, an elastic loop or ring is also used to model swimming creatures. Usually some fluid is supposed to be inside the loop. This is reasonable because on microscale, cell sap is composed mainly of water; on macroscale, most interior space of the swimming creature is also filled by water.
Jung et al. 29 studied the behavior of a deformable loop embedded in a flowing soap film. It is found that this fluid structure system shows bistability: stationary state (2S mode) and oscillatory state (2P mode). In the former state, the loop is motionless and a von Kármán vortex street is constructed in its wake. In the latter state, the loop shed two vortex dipoles, or more complicated vortical structures within each oscillatory period. Shoele and Zhu 1 numerically studied the dynamics of a pressurized elastic ring in a uniform flow. A linear spring structure with no bending stiffness was used to model the ring. The vibration of the ring was decomposed into pitching and tapping motions in the transverse and longitudinal directions, respectively. The abrupt jumps in the motion amplitudes and hydrodynamic loads were attributed to a resonance between the fluid and the ring. 1 Kim et al. 30 investigated the flapping dynamics of a flexible ring with bending stiffness in a uniform flow. They found the optimal tension and bending coefficients which minimize the drag force. The hysteresis property of the bistable state was also observed. The effect of the initial geometry of the ring is also investigated.
As mentioned above, some interesting phenomena due to the loop tension were observed. Here, first we focus on the flexible model without stretching (large tension coefficient) and then the loop with stretching (small tension coefficient) is also investigated.
Understanding the hydrodynamic properties of fish schooling is also an interesting topic. Ristroph and Zhang 31 investigated this topic using the two filaments model with a tandem arrangement. They found that the upstream filament experiences a significant drag reduction (of up to 50%), while the downstream filament suffers a drag increase. Moreover, Zhu 27 investigated the interaction of two tandem filaments at 40 ≤ Re ≤ 220. They found that when Re is large enough so that the flapping of the two filaments is self-sustained, the leading filament has less drag than the following one; when Re is small enough, the following filament has less drag than the leading one. Kim et al. 32 examined the wake vortex merging modes in a flow system with two tandem filaments for 200 ≤ Re≤400. At most gap distances, the leading filament has less drag than the following one, which is consistent with the conclusion in Ref. 27 . They also found that the wake vortex merging modes may affect the drag force acting on the downstream flapping filament. The constructive and destructive modes would increase and decrease the drag force, respectively. 32 Furthermore, Uddin et al. 33 numerically studied the tandem filaments with the upstream filament undergoing passive flapping in a uniform flow while the downstream filament flapped according to a pitching and heaving motion at the leading edge. The influences of the active flapping motion on the system dynamics were examined.
In our study, a model of two loops arranged tandemly in a uniform flow is considered. The deformation of the flexible loops and the fluid flow are solved by the nonlinear Finite Element Method (FEM) and the Lattice Boltzmann method (LBM), respectively. They are coupled by the Immersed Boundary Method (IBM). The penalty method proposed by Refs. 34 and 30 for volume conservation is adopted. The effects of the distance between the two passive flapping loops (G), Reynolds number (20 ≤ Re ≤ 200), bending coefficient (10 −4 ≤ K ≤ 2 × 10 −2 ), and tension coefficient (10 ≤ S ≤ 1000) are investigated. This paper is organized as follows. In Sec. II, we introduce the physical problem and numerical methods. Then we present two benchmarks to validate our numerical methods. The numerical results are presented in Sec. III. In Sections III A-III D, the drag forces of the two inextensible loops are discussed. The wake and vortex structure behind the two loops are analysed. The mechanism for the sudden drag reduction is explored. In Sections III E and III F, the loop tension effect and cases with downstream loop free to move laterally are discussed. Finally, conclusions are drawn in Sec. IV.
II. COMPUTATIONAL MODEL

A. Physical problem and mathematical formulation
In our study, the system includes two initially circular flexible loops with the same diameter D arranged in tandem, which is shown in Figure 1(a) . The loops are immersed in a two-dimensional uniform flow with oncoming velocity U ∞ , and the heads of the two loops are fixed with a simply support boundary condition. It is noted that the flapping around the fixed point is allowed. The dimensional gap distance G x is defined as the initial distance between the heads of the two loops. The normalized gap distance is
The incompressible viscous flow is governed by the Navier-Stokes (NS) equation and the continuity equation in an Eulerian coordinate system
where ρ, v, and p are the fluid density, velocity, and pressure, respectively, µ is the dynamic viscosity of the fluid, and f is the body force. The motions of the loops are described in a Lagrangian coordinate system. As shown in Figure 1( 
where ρ s is the density of loop, h is the thickness, F int and F ext are the internal force and external load, respectively. It is assumed that the elastic energy stored in a beam includes stretching and bending energies 
where Eh and EI are the elongation and bending rigidities, respectively. It is noted that κ = ∂ 2 X ∂s 2 is the local curvature. Because the initial shape of the loop is circular, the initial curvature of the loop is κ 0 (s) = 2 D . Hence,
Here, the loops are assumed to have no initial tension, i.e., 
Applying variations to elastic energy and setting suitable boundary conditions, 35, 36 we obtain the motion equation of the loops
Eq. (6) means that the loop is set to be in an initial stressless reference state. The simple support boundary condition 30 applied at the fixed points is
The normalized momentum equations for the fluid and the loops are
Here ρ, U ∞ , and D are the characteristic density, velocity, and length, respectively. The key dimensionless parameters are listed as follows: the Reynolds number Re = ρU ∞ D/µ, the tension coefficient S = Eh/ρU 2 ∞ D, the bending coefficient K = EI/ρU 2 ∞ D 3 , the mass ratio of the loop to the fluid M = ρ s h/ρD.
B. Numerical method
The governing Eq. (8) of fluid motion is solved by the LBM, which is an efficient method for solving the incompressible NS equations. 37, 38 The LB equation with the BGK (Bhatnagar-Gross-Krook) collision model is
where f i (x, t) is the distribution function for particles with velocity e i at position x and time t. Here the D2Q9 velocity model is applied. 37 
where ω i is the weighting factor. The density ρ and velocity v can be calculated by
Equation (9) is solved by the nonlinear finite element method. The detailed description of the method can be found in Refs. 35 and 38. This solver has been successfully applied to solve a number of fluid structure problems. 38, 40 Here, the motion of the loops is regarded as a large-displacement and small-strain deformation problem which is handled by corotational scheme in the solver. 35 The geometrical nonlinearities of the original problem in global coordinate are shifted to the coordinate transformation, which splits the whole problem into two parts, rigid body motion and pure deformation, rather than solving Eq. (9) directly. The rigid body motion is resolved by the transformation of a local coordinate system, and the small strain problem is solved by linear theory. Then the time stepping of the nonlinear system of algebraic equations is obtained using an iterative strategy to ensure a second-order accuracy.
An immersed boundary method 41 is applied to couple the LBM and nonlinear FEM. This method has been extensively used to simulate the fluid structure interaction problems. 24, 38, 42 The Lagrangian interaction force between the fluid and structure F ext can be calculated by the penalty scheme 41
where α and β are the "negative large penalty parameters." 30 Here, α = −10 and β = −1 is chosen by the parameter trials (not shown here). They are the possible largest |α| and | β| that can keep all the simulations stable. V l = ∂X/∂t is the velocity of the Lagrangian material point of the loop and V f is the fluid velocity at the position X(t) obtained by interpolation
Then the Eulerian body force f in (8) is
The above Eulerian body force f and Lagrangian interaction force F ext are included in Eqs. (8) and (9), respectively. The interpolation function used in Eq. (15) is the Dirac delta function, which is a smoothed approximation. However, the function may result in an internal area leakage of the loop. Shoele and Zhu 1 modified the central difference operator used in Ref. 43 to diminish the area leakage effect of a deformable ring. Here the penalty forcing scheme 30,34 is adopted, which is simpler. In the scheme, the fluid compressibility Π is defined as
where Ω is the fluid area inside the loop and p denotes the pressure. Integrating the differential relation between Ω and p, we have
where ∆p denotes the pressure difference between the interior and exterior of the loop and Ω 0 represents the initial interior area of the loop. Applying Taylor expansion and taking into account the historical effects, we obtain
The area conservation results in a penalty force F A ,
where e n represents the local normal unit in the direction from the interior to the exterior of the loop. This force is also an external load for the structure, which should be included in the RHS of the loop structure motion Eq. (9).
C. Validation
It is noted that the above numerical method except the penalty forcing strategy for the area conservation has been validated by our research group 38, 44 by cases of a viscous flow over a flexible structure and the locomotion of flexible plate.
First we would like to show the effect of the penalty forcing strategy on area conservation. Figure 2 (a) shows the evolution of areas of the loops for cases with and without the penalty force. It is seen that if the penalty force is not adopted, due to the area leakage, the areas inside the loops (Ω) may reduce to 40% of their initially circular areas (Ω 0 ) with small-amplitude oscillations when both loops are flapping. It is similar to the result in is applied. Comparing to about 5% of the area loss of the enclosed loop in the experiments of Ref. 29 , the approximate 1% area leakage in our simulations is acceptable.
The first benchmark testing is the free vibration of a flexible loop immersed in an ambient quiescent fluid. An initial radial perturbation r(θ, 0) = R(1 + ε cos qθ) is applied to the loop, where r and θ denote the radius and angle in the polar coordinates, respectively. R = D 2 represents the initial circular radius, q is the wave number around the loop, and ε is a coefficient (ε 1). Here, the computational domain grid size is 320 × 320 and it has dimensions 10 × 10, the loop is discretized by 256 points. The initial perturbation loop would relax to an equilibrium state. The tension (stretching) force in the loop is T = S Figure 3 shows the drag coefficients of the loop as functions of S for different bending coefficients. It is found that our results agree well with those in Ref. 30 . It is also seen that for cases with K = 0.001 and 0.01, at S = 10 and S = 12, respectively, the drag force curves reach their minimum values. For a loop without bending rigidity (i.e., K = 0), there is no such valley in the curve, which is consistent with that in Ref. 
III. RESULTS AND DISCUSSION
The interaction between two initially circular tandem flexible loops with same shape and mechanical properties is investigated numerically. The schematic diagram is shown in Figure 1 . Through convergence tests for different computational domains, the dimensions of the computation domain is chosen as L x × L y = [−15, 50] × [−10, 10] to eliminate the boundary condition effect. The center of the upstream loop is located at (0, 0), the location of the downstream loop is variable in different cases. In order to eliminate the effect of inlet and outlet boundaries, the distance between the upstream loop and inlet boundary is 15 and that between the downstream loop and outlet is at least 30. A uniform velocity U is set at the inlet boundary and the side boundaries of the fluid computational domain. A Neumann boundary condition is specified at the outlet boundary. The Eulerian grid size is 2080 × 640 and the Lagrangian grid size for each loop is 256.
In this section, cases with M = 0.25, 1.5 ≤ G ≤ 20, Reynolds number (20 ≤ Re ≤ 200), bending coefficient (10 −4 ≤ K ≤ 2 × 10 −2 ), and tension coefficient (10 ≤ S ≤ 1000) are simulated. In Sec. III A-III C, the flow Reynolds number is Re = 80.
A. Flapping dynamics
The mean drag coefficient C d as a function of the gap distance G is shown in Figure 4 . C d of an isolated loop is also drawn for comparison. C d is defined as
where
F x is the spatial integrated fluid force acting on loop and T is the period. The force integration is in the Eulerian space and it is almost identical to that in the Lagrangian space. In the following descriptions, the subscripts "1" and "2" represent the properties for the upstream and downstream loops, respectively. For example, C d 1 and C d 2 denote the drag coefficients of the upstream and downstream, respectively. We can see that both loops undergo smaller drag forces than that in an isolated loop at G < 10. For G > 10, the upstream one will behave like the isolated loop and the downstream one almost 
This is different from the results of two tandem filaments flapping in a flow. 31 In the study, they observed a counterintuitive inverted drag reduction phenomenon in experiments, i.e., the upstream filament enjoys a significant drag reduction (up to 50%), while the downstream one experiences a drag increase compared to an isolated filament in flow. 31 Usually, in a system of two tandem rigid bodies, C d2 is generally smaller than C d1 . 45 Alam et al. 46 found that there is a discontinuous jump in the C d2 curve from a small negative value to a larger positive value as the flow "jumps" from the AG regime to the WG regime. However, here in the regime of 2.5 ≤ G ≤ 3.0, there is a sudden decrease in C d2 , which is quite different from the "jump" behavior.
We would like to explore the mechanism for the drag sudden reduction. It is noted that the loop would flap around its fixed head. The flapping amplitude and St of the downstream loop as functions of G are shown in Figure 5 . Here, the Strouhal number is defined as
where f and A represent the flapping frequency and amplitude of the centroid of the loop, respectively. For the sudden drag reduction, at about G = 2.5, the flapping amplitude of the downstream one reaches a peak, and at about G = 3.0, there is a valley. Comparing Figures 4 and 5 , we can see that the drag force of the loop and the flapping amplitude reach their peaks almost simultaneously. It can be roughly understood as follows. The large projection of the flapping envelope area perpendicular to the flow direction would result in a higher drag force. 31 Because the St denotes the ratio of the average speed of the flapping to the oncoming flow velocity, it quantifies the relative importance of these two types of kinetic energies. From Figure  5 , it is seen that St in the case of G = 2.5 is larger than that in the case of G = 3.0 for the downstream loop. That suggests the loop extracts more energy from the flow in the case of G = 2.5. The energy stored in a loop includes elastic potential energy and kinetic energy. In this section, the loop is assumed inextensible and therefore the stretching of the loop is negligible. The elastic potential energy is mainly composed by bending energy of the loop. If the energy extract from the fluid is small, i.e., St is small, then the fluid kinetic energy loss is small. Less kinetic energy loss when the fluid passing through the loop does mean with the flapping amplitude has already been reported in other studies on filaments. 31 On the other hand, because the downstream loop hinders the oncoming flow, the local pressure between the two loops increases. A relatively high pressure between loops results in a smaller mean drag force coefficient C d1 than the C d in the case of an isolated loop (see Figure 4) .
However, for the case of G = 3.0 (see Figure 6 (b)), the flappings of the loops are almost in phase. Hence, the downstream loop is always inside the wake shed from the upstream one. Because the velocity inside the wake of a bluff body is usually smaller than the oncoming undisturbed flow, the case of G = 3.0 has a smaller effective Re for the downstream loop than that in the case of G = 2.5, which results in a smaller C d2 (see Figure 4) .
Although the drag is associated with the flapping amplitude, the drag force of the downstream loop may be mainly connected with flow regimes defined in Refs. 7-9. The interaction between the downstream one and the wake will be discussed below in detail. Figure 7 shows the instantaneous vorticity contours at the time t ≈ 205 (see the vertical line P in Figure 6 ). From 7(a), it is seen that in the case of G = 2.5, the upstream loop nearly flaps to the maximum transverse position while the downstream one flaps to its minimum position. At that time, a counter-clockwise vortex (represented by solid lines in Figure 7 ) has been shed from the downstream loop, and a clockwise vortex (represented by the dashed lines in Figure 7 ) is formed near the trail of the loop. In the meanwhile, an incoming clockwise vortex shed from the upstream loop contacts the downstream loop. These two clockwise vortices merge constructively and then shed from the trail of the downstream loop. This vortex merging style is referred to as the constructive mode. 30, 47 On the other hand, Figure 7 (b) shows a destructive mode 47 in the case of G = 3.0. In the mode, when the clockwise vortex begins to shed from the trail of downstream loop, an incoming counter-clockwise vortex shed from the upstream loop contacts the downstream one and they merge destructively.
B. Flow field
It is noted that in Ref. 9 , the shedding regimes at smaller separations (e.g., G = 2.5, S = 100) and larger separations (e.g., G = 3.0, S = 100) are AG and WG, respectively. Here the constructive and destructive modes correspond to the AG and WG shedding regimes in Ref. 9 , respectively. From Figures 5 or 6 , it is seen that the flapping amplitude in the case of G = 2.5 is larger than that in the case of G = 3.0. It seems that constructively merged vortices increase the flapping amplitude and destructively merged vortices weaken the flapping amplitude. This is consistent with the conclusion in the literature. 32 In the calculation of the drag force, contribution of pressure field is much more significant than that of the viscous stress. Figure 8 shows the pressure difference field between the time-averaged pressure fields with an isolated loop and with tandem loops. From the figure, it is seen that the pressure behind the upstream loop is positive. This means that the upstream loop suffers a smaller drag force than an isolated loop in flow.
In Figure 8 (a), the pressure behind the downstream loop is negative, while in Figure 8(b) , it is positive. On the other hand, the pressures between the two loops in Figures 8(a) and 8(b) are almost identical. That means in the case of G = 2.5, the downstream loop experiences a larger drag force than that in the case of G = 3.0.
C. Lagrangian coherent structures
In order to further understand the vortices interaction, we investigate the Lagrangian Coherent Structures (LCS) 48, 49 in this flow problem. The LCS may shed more light on the constructive and destructive modes mentioned above from a fluid transport viewpoint.
The LCS are distinguished surfaces of trajectories in a dynamical system that exert a major influence on nearby trajectories over a time interval of interest. From a Lagrangian viewpoint, the fluid is a dynamic system of fluid particles rather than a continuum. The LCS can be calculated from velocity fields by following the trajectories of an ensemble of fluid particles. The LCS act as transport barriers in the flow and are able to separate the fluid into regions with distinct dynamics. Therefore, they can be used to describe the entire fluid transport geometry.
One of the earliest detection methods for the identification of LCS is the finite-time Lyapunov exponent (FTLE) field. Although some new and more rigorous methods have been invented later, the FTLE is still a widely used scheme due to its simplicity and direct visualization of the LCS. The theoretical foundation of the FTLE has been discussed in detail in Refs 48 and 49. Here, we briefly introduce the computation of the FTLE.
Suppose the particle trajectories are given by the solution of the equation
We define a flow map Γ t t 0 , which is the solution of the equation for fixed initial time t 0 . It maps particles to their final positions at time t through the time integral of the velocity field
The Jacobian of the flow map is its derivative with respect to changes in the initial particle location. This derivative can be applied to Eq. (26) . We have 50
Then the right Cauchy-Green deformation tensor F, at a given point x is
where () T denotes the transpose of the tensor. This deformation tensor represents the stretching of an infinitesimal material line over the interval time [t, t + T L ]. If the material line is aligned with the corresponding eigenvector of the tensor, the maximum eigenvalue λ max , which represents the maximum stretching, will occur near x over this interval. And this eigenvalue constitutes the FTLE field Ω
When T L > 0, a forward-time FTLE field is obtained, and it reveals the repelling LCS. On the contrary, if T L < 0, it leads to a backward-time FTLE field which denotes the attracting LCS. 50 Here the velocity field data come from our numerical results. For more details please refer to Ref. 48 . The FTLE computation results are shown in Figures 9 and  10 for the case of G = 2.5 and Figure 11 Figure 9 represent the repelling LCS and those in Figures 10 and 11 are the attracting LCS.
For the repelling LCS in Figure 9 , the fluid particles around the ridges will be repelled to two sides of the ridges. On the contrary, for the attracting LCS in Figure 10 , the fluid particles around these ridges will aggregate to the ridges. The fluid particles placed in the repelling ridges are attracted by the attracting ridges and then transported along the attracting ridges with time evolves.
From Figures 10 and 11 , it is seen that the attracting LCS are significantly different. In the case of G = 2.5, the attracting LCS behind the downstream loop are distributed up and down in two rows like a regular "von Kármán vortex street." Hence, the fluid particles behind the downstream loop are transported laterally. As the fluid particles around the rear centerline of the downstream loop are drifted away, the lower concentration of the fluid particle results in a relative low pressure behind the downstream loop. This is consistent with the pressure distribution in Figure 8 (a). However, in the case of G = 3.0, the attracting LCS behind the downstream loop are just located around the rear centerline with small lateral expansion. Hence, the fluid particles will be attracted to and then move along the central region. In this way, the fluid particles concentration increases at the rear central region, which results in a relative high pressure from a viewpoint of statistical mechanics (see Figure 8(b) ). Hence, the drag force acting on the downstream loop decreases.
D. Effects of Reynolds number and bending coefficient
Fluid viscosity may diminish the strength of vortices and influence the vortices interaction. Here the effect of viscosity is further investigated by varying Re. Figure 12(a) shows the drag coefficients of the loops in the uniform flow with different Re. It is seen that C d1 at low Reynolds numbers, e.g., Re = 20 is always larger than that at higher Re. For the downstream loop, when G > 5, C d2 increases with the gap distance. Moreover, at a low Re, e.g., Re = 20, there is no sudden reduction regime and When the Re increases, the loops start to flap and the vortex starts to shed. Under this circumstance, a sudden decrease in the drag coefficient of downstream loop is exhibited, and the sudden reduction regime shifts to a smaller G region as Re increases.
For G > 5, C d2 may approach an almost constant value as G increases. It seems that the asymptotic C d2 decreases with Re. On the contrary, C d1 has an opposite trend, i.e., the drag force increases with Re when Re ∈ (50, 100). Because in the calculation of the drag force, the contribution of pressure field is much more significant than that of the viscous stress, the underlining reason may be associated with the pressure between the two loops. For example, compared to a low-Re case, C d1 may increase at a higher Re and the pressure between the loops may decrease. The decreased pressure may lead to a smaller pressure drop on the downstream loop, which results in a smaller C d2 . Figure 12 (a) also shows that the sudden decrease becomes slow as the Re decreases. It seems that the viscosity is able to smooth the sudden reduction regime. Hence, the viscosity plays an important role for the existence and the width of the sudden decrease regime. Figure 12(b) shows the effect of bending rigidity on the drags of the loops. It is seen that when the two loops are close (G ≤ 3.0), the drag forces of the loops with different bending rigidities are almost identical. The sudden reduction region is almost not affected by the bending rigidity. As G increases (G > 5), the drag forces would reach asymptotic values, and if the bending rigidity is larger, C d1 and C d2 become larger and smaller, respectively.
The effect of the bending rigidity K can be understood as follows. When the two loops are close (G < 5), the interaction of the two loops is strong and the effect of the flow is dominant. The drags of the two loops are mainly contributed by the shear stress and the K-effect is negligible. As G increases (G > 5), the interaction between the two loops becomes small, and then the deformation or flapping which is relevant to the bending rigidity would significantly affect the drag forces of the two loops.
E. Effects of tension coefficient
The stretching deformation of most organisms in nature may be important and the effect of tension coefficient S should not be ignored. In this section, the parameters are identical to those in Section III, i.e., Re = 80, M = 0.25, and K = 0.001, except the tension coefficient S. Many cases with different S were simulated. Figure 13 shows the drag coefficients (C d ) as functions of the gap distance (G) for different S. It is seen that the critical gap distance (G c ) may change significantly with S. For cases with large tension coefficients (S = 50 -100), G c is about 3.0, while for cases with small tension coefficients (S = 10 -20), G c increases to about 4.0. The effect of S on G c is more prominent than that of K (also see Figure 12 (b)). It is also seen that as G increases, the asymptotic C d1 may change with S, which is similar to the effect of K (see Figure 12(b) ).
The instantaneous vorticity contours for cases with large S have been shown in Figure 7 . The contours at t ≈ 200 for cases with a small tension coefficient S = 15 are shown in Figure 13 ), the shedding regime transfers to the WG (see Figure 14(b) ). Hence, for both large S and small S cases, the sudden drag reduction occurs due to the shedding regime transition.
In the study of Ref. 30 , the flappings of an isolated flexible loop are classified by two patterns: ordinary and energetic modes, which are shown in Figure 15 . The mode classification is based on the frequency spectra of the lift coefficient C l . 30 The loops with small and large S take the ordinary and energetic modes, respectively. 30 It was found that there is a critical S for the mode transition. 30 The drag reduction may be associated with the flapping mode. Figure 16 shows the superpositions of the instantaneous loop shapes in the cases of S = 15 and S = 100 at G = 1.5, G = 3.0, G = 5.0. It can be seen that in the cases with the large S (S = 100), the flappings of the upstream loops are in the energetic mode at three different G. In the cases with the small S (S = 15), the flapping pattern is the ordinary mode. However, in all cases, by interacting with the vortex shedding from upstream, the flappings of downstream loops are always in the energetic mode. It is also noted that in Fig. 16(a) , although the flapping amplitude of the upstream loop seems large, the second harmonic is still dominant, which is the characteristic of the ordinary mode. 30 Hence, the flapping of the upstream loop in Fig. 16(a) is still at the ordinary mode. Hence, a significant difference between the cases with small and large S is that the upstream loops adopt the ordinary and energetic modes, respectively. Figure 17 shows the vortex shedding of the upstream loop in two cases with different S at the same time within each flapping period. From the figure, it is seen that the shear layers from the upstream loop in the ordinary mode (the case of S = 15) become elongated compared to those in the energetic mode (the case of S = 100, Figure 17(b) ). From the definitions of the regimes AG and WG, 9 G c may be proportional to the length of the shear layers. Hence, G c may be larger in the small-S cases than in the large-S cases.
In summary, the flapping mode of the upstream loop is determined by the tension coefficient S. The mode may change its wake structure (shedding regime). The length of shear layers affects the G c significantly.
F. Effect of lateral movement of the downstream loop
The shedding vortex may move laterally. We would like to know if the head of the downstream loop is allowed to move laterally instead of fixed, whether it will seek a proper position with a smaller drag force. Now the fixed point of the downstream loop is set free to move laterally (see Figure 1) . These cases are referred to as the free cases.
For the free case, the boundary condition of the upstream loop is identical to that in the fixed case, i.e.,
where x 1 is the horizontal position of the head of the downstream loop. The boundary condition of the downstream loop at the head point is
where x h is the horizontal position of the head of the downstream loop. That means x h is fixed to be x 2 in the evolution. In the simulation, the key parameters are Re = 80, M = 0.25, K = 0.001, and S = 1000. It is found that the downstream loop did not leave too far away from the symmetry axis (Y = 0) in the free cases (see Figure 14(d) ). The downstream loop was locked into the wake region of the upstream loop. Figure 18(a) shows the vertical displacements of the mass center of the downstream loop for cases G = 2.5 as a function of normalized time. It is seen that the free downstream loop gradually deviates from the symmetry axis and finally oscillates harmoniously around an equilibrium position (Y 0). It is also noticed that the flapping amplitude seems almost identical to that in the fixed case. Figure 18 (b) shows the vertical displacements of the mass center of the downstream loop for the free and fixed cases at G = 1.5. Although for both cases, they oscillate around the symmetry axis (Y = 0) with an identical frequency, the flapping amplitude in the free case is larger than that in the fixed case. Figure 19 shows C d as a function of G for the free and fixed cases. It shows that compared to the fixed case, G c changes from G c ≈ 3.0 to G c ≈ 2.5 in the free cases. Hence, if the two loops are not too close (G ≥ 2.5), the free loop seems able to seek for an equilibrium position with a smaller drag automatically.
The instantaneous vorticity contours for both the fixed and free cases are shown in Figures 14(c) and 14(d) . We can see that for the fixed loop case, the shedding regime remains AG at G = 2.5. However, for the free case, the shedding regime has already transferred to WG at G = 2.5 and the sudden drag reduction occurs.
However, C d2 increases at G = 1.5 for the free case ( Figure 19 ). The increment may be due to the large flapping amplitude in the free case (see Figure 18(b) ). The downstream loop seems unable to find a suitable position to reduce its drag force when G is small.
IV. CONCLUSION
The interaction between two tandem flexible loops is investigated numerically. When the gap distance between them is close, e.g., G < 3, both loops enjoy drag reduction compared to the case of an isolated loop. As G increases, the drag reduction of the upstream loop will disappear and acts like an isolated loop. However, the downstream loop always enjoys drag reduction and approaches a constant value as G increases. In particular, it is found that there is a sudden drag reduction region at G c ≈ 3 for the downstream loop.
The vortices merging mode is investigated to explore the mechanism for the sudden drag reduction. From the pressure distribution around the loops, we found that the drag force on the downstream loop is smaller in the destructive mode than that in the constructive mode. The vortices merging is further studied from a Lagrangian viewpoint. It is found that in the destructive mode, fluid particles behind the downstream loop tend to move from two sides to the central region. Hence, the pressure just behind the downstream loop increases. That contributes to the sudden drag decrease. For the constructive mode, the situation is reversed.
The effects of Reynolds number and bending rigidity on the drag forces are also investigated. Re plays an important role for the existence and the width of the sudden decrease regime. The bending rigidities of the loops almost have no influence on the drag forces when the two loops are close, e.g., G < 5. At a specific large gap distance (G > 5), the drag forces for the upstream and downstream loops increase and decrease with the rigidity, respectively.
For the effect of S, the critical gap distance G c increases when S is small. The tension coefficient S determines the flapping mode of the upstream loop. If the flapping mode changes from the energetic mode (large S) to the ordinary mode (small S), the shear layers from the upstream loop become elongated. The longer length makes the critical gap distance G c increase.
For the free cases, if G ≥ 2.5, the free loop finally oscillates harmoniously around a specific equilibrium position (Y 0). Compared to the fixed case (G c ≈ 3), C d2 in the corresponding free case decreases and at G < 3, the shedding regime has already transferred to the WG. However, C d2 increases at a small G, e.g., G = 1.5, because the equilibrium flapping amplitude in the free case is larger than that in the fixed case.
Hence, both the flapping amplitude and the wake structure have significant influences on the drag of the loop. On the other hand, although the drag may be partially associated with the flapping amplitude of the loop, the shedding regime transition is found to be much more important for the drag reduction.
